Abstract. This paper presents a numerical method for solving systems of partial differential equations describing flow in porous media with an embedded and inclined conduit pipe. This work considers a coupled continuum pipe-flow/Darcy model. The numerical schemes presented are based on combinations of the quasi-Wilson element on anisotropic mesh and the conforming finite element on regular mesh. The existence and uniqueness of the approximation solution are obtained. Optimal error estimates in both L 2 and H 1 norms are obtained independent of the regularity condition on the mesh. Numerical examples show the accuracy and efficiency of the proposed scheme.
Introduction
Managing the quality of groundwater resources is imperative today with the risks of environmental and industrial contamination. Therefore the development and study of numerical models of groundwater flow in Karst aquifers, which are very vulnerable sources of groundwater, is a most practical application. One of the most popular models is the coupled continuum pipeflow/Darcy (CCPF) model in which the conduits embedded in the continuum matrix are simplified into a network of one-dimensional pipes, see [2, 3, 4, 5, 11, 19] . As shown in Figure 1 , the conduit Ω c in the model of a Karst aquifer is a one-dimensional curve with sinkhole boundary Γ si and Γ sp , which are the end points of the curve. The continuum Ω m denotes the domain occupied by the porous media around the curve. Γ g represents the ground surface boundary, and Γ 0 shows a bounding surface that is presumably far removed from the region of interest.
In general, the flow in the porous matrix is modeled by a continuum approach using the Darcy equation [5, 14] , and one-dimensional pipe-flow equation [5] is applied to the conduit flow in the tube. In order to preserve the conservation of mass, the matrix flow and conduit flow are coupled at the interface by the exchange flux, which is determined linearly by the difference of hydraulic heads between the matrix system and the conduit system. See, e.g., Cao et al. [5] , Lei [10] , Chen [9] and Wu [20] .
A simplified sketch is shown in Figure 2 . We consider the two-dimensional porous domain Ω m = (0, L)×(−H m , H m ), and the inclined conduit pipe Ω c = {y = kx + b, x ∈ (0, L)} with real numbers k and b, where 2H m is the height of the matrix, L is the horizontal length of the matrix. We assume kL + b < H m and b > −H m , so that the inclined conduit is embedded in the porous media. In conclusion, the steady-state coupled continuum pipe-flow/Darcy (CCPF) model in Karst aquifers is given as follows.
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where h m and h c denote the unknown hydraulic heads in the porous matrix Ω m and conduit pipe Ω c , respectively. Under the homogeneous isotropic media assumption, the hydraulic conductivity tensor K takes the form of K = KI. Here K is a constant, K =k g µ , wherẽ k is the constant matrix permeability, µ the kinematic viscosity of water, and g the gravitational acceleration constant. We use τ to express the unit tangential direction along one-dimensional inclined pipe conduit. The conductivity constant D depends on the width of the conduit d such that D = d 3 g 12µ ; f m and f c represent the external source or sink terms; δ Ω c is the Dirac delta function focused on Ω c . The nonnegative constant α ex represents the coefficient of flux exchange at the intersection between the matrix and conduit flow. Physical experimental results in Chen et al. [6] show that the CCPF model is valid for flows in Karst aquifers when a suitable fluid exchange coefficient α ex is taken.
A suitable boundary condition is needed to solve the coupled model (1.1). We suppose h c is specified at the end points of the conduit, Γ si and Γ sp , and h m is specified on the boundary of Ω m given by Γ g ∪ Γ 0 . The time-dependent case of (1.1) first appeared in [2, 3, 4] , where Karst aquifer genesis is studied. Combining the idea of dual porosity, the model (1.1) has been discussed by the Carbonate Aquifer Void Evolution (CAVE) code, which solved the flow model in the porous matrix by a finite difference scheme using MODFLOW and the flow model in conduit by a nonlinear finite difference discretization. Wang [19] demonstrated that the coupled continuum pipe-flow/Darcy model (1.1) is well-posed in two spatial dimensions. Cao et al. [5] applied conforming finite element approximation to solve the CCPF model with a horizontal pipe cube Ω c = {y = 0}, and obtained optimal convergence rates in the L 2 and H 1 norms based on regular grid. Liu et al. used anisotropic finite element method and coupled finite element method to solve the same model as in [5] based on the horizontal pipe domain in [12] and [13] , respectively.
The objective of this paper is to study CCPF model with the inclined pipe cube embedded in the porous media. Considering the large angle of inclination of the conduit pipe, the rectangular grid and even the regular mesh can not be employed on the solved two-dimensional region. Therefore, we shall choose the arbitrary quadrilateral grids as the regional division to approximate the Darcy equation of CCPF model. In order to avoid the limits on the subdivision, the anisotropic quadrilateral mesh is considered without the regularity condition. The second goal of this paper is to introduce the quasi-Wilson element to approximate the two-dimensional Darcy equation of CCPF model (1.1) and conforming finite element to solve the pipe-flow equation. As is known to all, the quasi-Wilson element is a nonconforming element on quadrilateral mesh. The element comes from Shi-Chen [17, 18] which simply adds a term of high order to the nonconforming part of the shape basis functions. In recent years, there have been many research papers such as [7, 8, 15, 16] with respect to numerical analysis of quasi-Wilson element.
Herein, the existence and uniqueness of the solution are obtained for the coupled approximation scheme based on the quasi-Wilson nonconforming finite element method for Darcy equation with conforming finite element method for pipe-flow equation. The optimal error estimates in both L 2 and H 1 norms are established independent of the regularity condition on the mesh. Numerical results, based on two different anisotropic subdivisions, show the efficiency and accuracy of our scheme.
The outline of the paper is as follows. The anisotropic mesh of Ω m and the regular mesh on the domain Ω c are presented in Section 2. The approximation scheme using quasi-Wilson nonconforming element on anisotropic grid combined with conforming finite element method is carried out for the coupled CCPF model. Existence and uniqueness of approximation solution are also deduced in Section 2. Section 3 gives the error estimates of the approximation scheme based on the anisotropic interpolation properties. Numerical examples are given to show the efficiency of the scheme in Section 4, followed by conclusions.
Throughout this paper, we use C, C 1 and C 2 to denote generic positive constants independent of the discretization parameters, which may have different values in different appearances.
The Sobolev space In this section we present the finite element scheme for the coupled problem. We use the quasi-Wilson element based on anisotropic mesh for h m . We also present the existence and uniqueness of the approximation solution.
It follows from property of Dirac delta function and a technique of coordinate transformation that
Then, the weak form of the simplified CCPF model (1.1) with zero Dirichlet boundary condition is to find
where the bilinear form Proof. According to [5] , this is a straight application of Lax-Milgram Theorem on the fact that the bilinear form a(h, v) on (
satisfies the continuity and coercivity conditions.
The domain Ω m is subdivided into convex quadrilateral triangulation T h = {K}, where K is a quadrilateral element. Since the solution h m varies significantly near the pipe region Ω c = {y = kx + b, x ∈ (0, L)}, we consider to use anisotropic meshes with a small mesh size near the conduit region and a larger mesh size elsewhere. For example, we shall employ one subdivision way with nonuniform grid along the changes of position of Ω c and uniform grid on x-direction. The subdivision of Ω c is obtained by T h restriction on the inclined conduit pipe. Therefore, the domain Ω m is occupied by anisotropic mesh and the domain Ω c = {I} is covered with regular cells. Suppose K is a convex quadrilateral element with four vertices p 1 (
mum of the diameters of all circles contained in element K. It's well known that the classical finite element theory relies on the regular condition
where C is a positive constant independent of K.
At present we do not use the condition (2.2) on the anisotropic meshes T h . We apply the nonconforming quasi-Wilson element based on the anisotropic meshes T h to solve the first equation of CCPF model (1.1). For this purpose first we present the quasi-Wilson element (K,P ,ˆ ) on the reference rectangular K defined on (x,ŷ)-plane with four verticesp 1 
,
. Then, anyv ∈P can be rewritten as followŝ
Note that there are other choices forN 5 (x,ŷ) andN 6 (x,ŷ), for details see [7, 8, 15, 16] . Let F K be the affine mapping fromK to K as follows,
Then,
Denote J K be the Jacobi matrix of F K . According to simple calculations [8] , we obtain that
Based on the anisotropic subdivision T h , the finite element space V h is defined by
K , ∀K ∈ T h ; v h vanishing at the vertices on the boundary of Ω m }.
For the second equation of CCPF model (1.1), we use conforming finite element approximation based on the partition of Ω c , where the finite element space W h ⊂ H 1 0 (Ω c ) consists of continuous piecewise linear polynomials. The approximation scheme of (2.1) based on quasi-Wilson nonconforming element combining with conforming finite element method is in the following form. Find
where the bilinear form
Here {h
Dividing an element v m h ∈ V h into two parts, we have v
h is the conforming part defined by
And, v m h is the nonconforming part given by
where 
, we obtain the following properties.
Moreover, we have, by the definition ofv m h in (2.8) , that,
, the assumptions on hydraulic conductivity tensor K and the constant D, we get for any 
Then, with the trace theorem and definition of v m h , we have
By the Lax-Milgram theorem, we know (2.5) exists a unique solution h h .
Error estimates
In this section, we shall present the optimal error estimates in L 2 norm and H 1 norm for the approximation to the CCPF model. Firstly, we introduce some interpolation operators of quasi-Wilson nonconforming element on the domain Ω m as follows. On the reference element, denote the bilinear interpolation operatorΠ 
where α is a multi-index and |α| = 1. And on the physical element, the interpolation operators are defined as
Due to the definition (2.7) we have that
, from the property (3.2),
where
y,K with α = (α 1 , α 2 ). For the pipe domain Ω c , the piecewise linear interpolation operator Π c :
where h x,K is maximum mesh step of the subdivision of pipe region obtained by T h restriction on Ω c . Thus, a valuable lemma is given as basis of error derivation. 
Proof. From the definition (2.7) and the property of affine transformation
Using (2.9) and (2.10), and with the same techniques as (3.5), we have
) are defined by (2.1) and (2.5), respectively. Then, we have the following error estimate
Proof. Since
Then, we need to estimate the right hand side of (3.7). In view of the continuity, coercivity of a h (·, ·) in Theorem 1 and definition of (2.5), we have 
In conclusion, the error estimate (3.6) is obtained by combining (3.8), (3.9) and (3.7).
Denote the whole domain [5] , in the case of homogeneous isotropic matrix, one can easily check via separation of variable that we have higher order piecewise regularity in the sense that
. Then, we derive the following convergence theorem. ) defined by (2.1) and (2.5), respectively. We get
Proof. By Lemma 3, we need to estimate the right hand of (3.6). The first term on the right hand side, which is interpolation error, can be obtained from the interpolation properties (3.3) and (3.4),
where Π = (Π m , Π c ) and C is independent of h K /ρ K . From the definition (2.8) and affine transformation (2.3)-(2.4), we have
Hence, for the second term on the right hand side, we can obtain based on Lemma 3 and Hölder inequality that
Then, from the trace theorem and (2.11),
Therefore, (3.10) is established from (3.12) and (3.14) . In order to derive the errors in L 2 norm, the adjoint problem is considered for a duality argument. Since
we estimate (u, h − h h ). By Green's formula and noticing that
Then, we need to estimate the following two terms. Due to the properties (3.3), (3.4), the continuity of interpolation operators Π m and Π c and the elliptic regularity of this problem (3.15), we know
Consequently, (3.11) follows from (3.16)-(3.19).
Numerical examples
In this section, we give some numerical examples using the quasi-Wilson element for Darcy model in porous media and conforming finite element for pipe-flow model in the pipe cube region. In order to verify the rates of convergence, we carry out two examples using two different quadrilateral meshes in two-dimensional domain, respectively. For the sake of simplicity, the domain Ω m is defined as (0, 1) × (−0.5, 0.5) and the pipe Ω c as {y = x/4, x ∈ [0, 1]}. Here, we take K = I and D = 1.
We define two different anisotropic meshes with m×n quadrilateral elements for porous media Ω For all cases, along x-direction, we divide [0, 1] into n equal cells with n + 1 points, see Figure 3 .
Example 1. The analytic solution is chosen as
with α ex = 4 + sin(4πx).
Example 2. The analytic solution is chosen as Table 1 -Table 2 . From the above figures and Table 1 -Table 2 , we can see the almost 2-nd order convergence rate in L 2 norm and the 1-st order convergence rate in H 1 norm for h m and h c by quasi-Wilson element and conforming finite element method, respectively, which are consistent with our theoretical results. Moreover, the optimal error estimates are independent of the value of { h K ρ K }, which means that we can get the same order of errors rates whether the subdivisions satisfy the regularity condition or not.
By comparison anisotropic mesh 1 with anisotropic mesh 2 the computational errors in L 2 norm on the former mesh are better than on the latter mesh, but the errors in H 1 norm on the former mesh are worse than on the latter mesh. Therefore, both anisotropic meshes have their advantages and Table 2 . Errors on anisotropic mesh 2. In order to report the features of the approach introduced in this paper, we present the following Figure 8 From the figures of exact solution and those of computed solution, it is clear that the approach introduced in this paper is effective to approximate the coupled continuum pipe-flow/Darcy model.
Conclusions
In this paper, we have presented a numerical method for solving the coupled continuum pipe-flow/Darcy (CCPF) model that is suitable for the study of groundwater flow in Karst aquifers. The two-dimensional and steady-state case in which the conduit is embedded in the porous media domain at a large angle of inclination is examined, so that one cannot use a traditional regular mesh and finite element method for the Darcy region. Instead, we have employed an anisotropic mesh without a regularity condition and use nonconforming, quasi-Wilson elements to solve the Darcy problem, along with conforming finite element method for the conduit flow problem. On basis of this paper, our future work is to analyze and test the cases of curved pipes and intersect pipes.
